Abstract: Parametric e.rcitalion of an oscillator results from the modulation of a parameter upon which the natural frequency of the oscillator depends. If the drive amplitude exceeds a threshold determined by dissipation, the response amplitude grows exponentially until it is saturated by a nonlinearity of the system. Hence, large amplitudes may be possible. We report an unsuccessful attempt to parametrically excite the fundamental mode of a Helmholtz resonator. The aPPWatUS COnSiStS of twO equal-volume cavities connected by a U-shaped neck similar to a trombone slide, where the neck length is modulated at twice the Helmholtz frequency. In model systems, the effective quality factor diverges as the parametric drive amplitude approaches threshold from below. The extent to which a parametric drive amplitude is below threshold can thus be probed by performing a frequency sweep through the resonance with a small-amplitude direct drive.
aPPWatUS COnSiStS of twO equal-volume cavities connected by a U-shaped neck similar to a trombone slide, where the neck length is modulated at twice the Helmholtz frequency. In model systems, the effective quality factor diverges as the parametric drive amplitude approaches threshold from below. The extent to which a parametric drive amplitude is below threshold can thus be probed by performing a frequency sweep through the resonance with a small-amplitude direct drive.
Howe~er, [he effective quality factor in our system is found to decrease as the parametric drive amplitude is increased, as a The overall goal of this research is to explore the possibility of obtaining large acoustic amplitudes in a gas-filled resonator by parametric excitation. This may lead to applications in thermoacoustic refrigerators,' acoustic compressors,z and acoustic pumps. As explained in this article, an initial attempt at neck length modulation of a Helmholtz resonator failed due to an insufficient drive amplitude.
A system employing cavity modulation is currently in the design stages.
A standard example of parametric excitation is the vertical oscillation of the support of a pendulum [ Fig.  1(a) ], which can be easily performed by hand with a pendulum composed of a weight at the end of a length of string. Excitation occurs when the drive frequency is approximately twice the linear resonance frequency of the pendulum, and the drive amplitude is sufficiently large. In the frame of reference where the support of the pendulum is at rest, the effective acceleration due to gravity is modulated sinusoidally in time.
The angular displacement e(t) of the pendulum is thus described by d26/dt2 + (~0/Q)d6/dt + 002[ 1+qcos(20t)]6 = ae3, for weakly nonlinear motion, where Q is the quality factor, 020 = (@d)]'z is the natural linear frequency of the pendulum, 2to is the drive frequency, q = tig is the dimensionless drive amplitude, and a = to02/6 is the nonlinear coefficient.
It can be shown3'4 that when o = o. the equilibrium solution 0 = O of the equation of motion is unstable (parametric excitation occurs) if the threshold condition q > 2/Q is met. In this case, the amplitude initially grows exponentially, and is eventually limited by the nonlinearity which causes the resonance frequency to shifi with increasing response amplitude. The steady-state response
] "4, which shows that large response amplitudes may occur for a fixed drive amplitude if the nonlinear coefficient is small. Indeed, in an experiment with a parametrically driven resonant electrical circuit, the amplitude grew until the system was destroyed by excessive currents To isolate a single mode in order to obtain large amplitudes, we consider Helmholtz resonators.
The resonant frequency of a double-cavity Helmholtz resonator [ Fig. 1(b) ] is OO= C(SLV)"2, where c is the speed of sound, L is the neck length, and S is the crosssectional area of the neck, and V is the effective volume, which is given by lW = lWI + IW2, where VI and Vz are the volumes of the two cavities. Modulation of the neck length is expected to cause parametric excitation for w = 00 if the threshold condition ALL > 2/Q is met, where AL refers to the peak value of the change of L.
If a system is parametrically driven at an amplitude below threshold, the response amplitude of the desired mode is zero.
However, the system can be experimentally probed to ascertain the degree to which the threshold condition is not met. One method is to employ an external small-amplitude direct drive to generate curves of the steady-state response amplitude as a function of the direct drive frequency. The curves have greater amplitudes if the parametric drive is present, One can think of the parametric drive as effectively increasing the quality factor, although the quantitative relationship is not simple.
To attempt parametric excitation, we constructed a Helmholtz resonator with two cavities connected by a U-shaped neck [ Fig. 1@) ]. An electromagnetic shaker was used to modulate the length of the neck, whose construction was similar to the slide on a trombone. The neck has an inner diameter 2.5 cm and ambient length L =30 cm, and the volume of each cavity is 8.0 liters, The resonance frequency is 33 Hz. By considering losses in the small viscous penetration depth along the wall of the neck, we estimated the quality factor to be Q = 34. With a peak neck length modulation of AL = 6.0 mm (peak shaker displacement of 3.0 mm), the expected threshold condition ALL > 2iQ is not met. Because parametric excitation did not occur, we attempted to determine the extent to which the drive was below threshold by probing the Helmholtz mode with a small-amplitude direct acoustic drive. This produced interesting and useful results. As the parametric drive is increased in a system with linear dissipation, the effective Q of the system increases. In our system, however, the direct-drive probe showed that the opposite was occurring (Fig. 2) .
Further experimentation showed that the increase in the effective Q of the system due to the parametric drive was dominated by a decrease in the Q due to dissipation in the form of turbulence.
These two competing effects both grow with an increase in parametric drive amplitude. The theory suggests that, because the increase in the effective Q diverges, this could eventually dominate as the drive amplitude approaches threshold.
However, we were unable to test this in our system because the maximum parametric drive amplitude was only 25V0 of the predicted threshold [ Fig. 2(b) ].
The shift in resonance frequency shown in Fig. 2(a) is an artifact of our particular apparatus, arising from friction between the inner and outer tubes of the neck causing the temperature of the neck walls and thus the air in the neck to rise appreciably. We alternatively employed metal bellows as flexible sections of the neck. This eliminated the frequency shifi, but the corrugations of the bellows caused increased turbulence which lowered the quality factor compared to the trombone slide [ Fig. 2(b) ].
Two geometric alternatives to modulation of the neck length of a Helmholtz resonator are modulation of the cavity volume with a piston driven by a motor, and modulation of the cross-sectional area of a flexible neck with a hydraulic drive. Estimates indicate that these experiments are feasible; i.e., that the threshold condition can be attained.
Design of a double Helmholtz resonator system in which the cavity volume is modulated is aheady underway, and a system where the neck area is modulated will be considered if a feasible way of accomplishing this can be devised. 
